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Abstract 

We present a representation theorem for a filtering model with 
first-passage-type stopping time. The model is constructed from two 
unobservable processes and one observable process that is under the 
influence of two unobservable processes. A filter is constructed using 
Brownian motion in the observable process and a hrst-passage-type 
stopping time in an unobservable process. Though our theorems are 
similar to those of Nakagawa[5], we do not use pinned Brownian mo¬ 
tion measure, which is difficult to deal with. In addition, we describe 
a representation theorem for another filtration that was not discussed 
by Nakagawa[5]. 


1 Introduction 

Duffie and Lando [2] studied the implications of imperfect information for the 
term structures of credit spreads on corporate bonds. They assumed that the 
bond investor could not observe the issuer’s assets directly, and could receive 
only periodic and imperfect accounting information. They then derived a re¬ 
lationship between the volatility of the issuer’s asset value and its hazard rate. 
Their model is a kind of hltering model. Jeanblanc and Valchev [4] examined 
three types of information related to a company’s unlevered asset value on 
the secondary bond market: the classical case of continuous and perfect in¬ 
formation, observations of past and contemporaneous asset values at selected 
discrete times, and observations of contemporaneous asset values at discrete 
times. In their model, although bond holders receive information about con¬ 
temporaneous and past asset values in the second type of information, they 
receive only contemporaneous information in the third type. Jarrow, Protter 
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and Deniz [3] provided an alternative credit risk model based on informa¬ 
tion rednction, whereby the market only observes the company’s asset valne 
when it reaches certain levels, interpreted as changes signihcant enough for 
the company’s management to make a public announcement. Nakagawa[5] 
constructed a hltering model based on a default risk, and derived repre¬ 
sentation formulas under conditions of imperfect information. He analyzed 
the properties of processes under which is a probability measure on 

C'([0,m];R), and the law of Brownian motion R conditioned to start from 
Xi > 0, stay in (0, cxd) for s < m and reach a ;2 > 0 at time u under P. How¬ 
ever, because this measure is difficult to deal with, we present representation 
formulas that do not use the measure p. In this paper, we refer to the “hrst- 
passage-type stopping time” instead of a “default time”, because our focus 
is solely on the mathematical perspective of a hltering model. 

First, we present a representation theorem for a hltration with hrst- 
passage-type stopping time. In this part, we do not use a hltration model. 

Let (H, B, P, {Bt}t>o) be a complete hitrated probability space, and as¬ 
sume that the hltration {Bt}t>o satishes the usual conditions. Let Bt, Bt 
and Wt be independent H^-Brownian motions with values in R,R‘^ and R 
respectively. We denote the right continuous hltration generated by a contin¬ 
uous stochastic process X as {Q^). For example, alRs, s < "u}. 

Let a > 0, Rf = a -|- R, r“ = inf{f >0; Rf = 0}, and 

V (T{r“ A u}). Let qa{t) = exp(-|J)ds and Xa{t) = 

log gap) = -^gap)-Wxp(-l^). Then R[r“ > t] = Qaif) = 

Let 7 a (t) be the density of r“. Then, we have 

-iait)dt = R[r“ e dt] = (1) 

We can also see that 

= iVf - [\l - N:)Xa{s)ds 
Jo 

is mart ingale. 

Let g(t, x) and <h(t, x) be the density and distribution, respectively, of the 
Brownian motion Bt. Hence, g{t,x) and <F(t,x) can be written as follows. 

/ \ 1 , x‘^ 

q{t,x) = , expi- 

We note that 

— {t, x) = --g{t, x), —{t, x) = 2—p, x) = x). 


),^{t,x)=f g{t,y)dy, x>0, t>0. (2) 

J —OO 
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We denote as O’, p G (1,cxd), the space of {i3i}-progressively measurable 
functions (p such that E[J^ < cxd for any T > 0, and write 0~^ = 

> 1- For t > s, let 

HP(t, s; /) = - 5. Bi)\gf], f e £‘+, (3) 

k = 0 , 1 , 2 , 

HP(t;f)= f‘HP(t,u;f)du, feCA+, )! = 0,1,2, (4) 

Jo 

H4t; /) = (t; /) + 2K(t)HP(t, /)}, (5) 

/ £ 22^*^, 

(/„((, s;/) = Bll,,.>,j/,(24((-s,B;)-l)|af I, / e £‘+ (6) 

f/.(t,Si/) =e-f>"W*{By(«,Si/) + A4()f^.(*.s;/)}. (7) 

/e£'+. 

We will show that these are well dehned in Section 2. Thus we have the 
following theorem. 

Theorem 1.1 (1) For any t,T >0 and f G O'^, 

E[ r = - f H,{s;fl^o,T]{-))Xa{s)-^dMf. 

Jo Jo 

(2) For any t>0 and f G 0~^, 

E[ffJs\Er] = fE[f,\Er]ds- f ( rO{s,r-,f)dr]x,{s)-^dM:. 

Jo Jo Jo \Jo / 


(3) For any f, T > 0 and f G 0~^, 




E[f,\Tf']dW, 


a(s,i-;/l[o,T|(-))<i»d K(sy'dMt. 


(4) For any t > 0,/i, G O^, f = 1, • • • , d, 

E[r,dBl\Fl''\ = 0 . 

Second, we consider a representation theorem with a hltering model. The 
quantities X, Z, and Y are the same as those considered by Nakagawa[5], 
and are called the main system, sub-system and observation, respectively, in 
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his paper. Let X and Z be solutions of the following stochastic differential 
equations under P: 

dXf = dBt + 6o(t, Xt, Zt)dt, Xq = xq > 0, 

dZt = ( 7 i{t, Xf, ZtjdBfbi{t, Xf, Zt)dt, Zq = zq&'R,^, 

where : [0, cxd) x R x —)■ R, ai : [0, cxd) x R x R-^ —)■ and 

bi : [0, oo) X R X R^ -> R^ are bounded and continuously differentiable 
functions. Let y be a solution of the stochastic differential equation, 

dYt = a 2 {t, Yt)dWt + b 2 {t, Xt^r, Yt)dt, Yq = yo E R, 

where a2 : [0, cx)) x R —)■ R and 62 : [0, cxd) x R x R —)■ R are bounded 
and continuously differentiable functions. We assume that there exist some 
e > 0 and a2{t,y) satisfying (J2{t,y) > e for any t G [0,cxd), y E H. Let 
r = inf{t >0; Xt = 0}, W = l{r<t} and Pt = Vo-jr Au}). We now 

consider changing the probability measure. Let pt be given by 

bo{s, Xg, Zs)dBs + f /3(<s Yg)dWs (8) 

Jo 

1 /“* 

+ - {bois,Xs,Zgf + ^{s,Xg^r,Ygf)ds 

^ Jo 

where j 3 {t,x,y) = a2{t,y)~^b2(t, x,y) and P is a probability measure on 
(f 2 , P) given by dP = p^^dP. We can see that p, p~^ E flpM dP by Novikov’s 
Theorem. Let A = E[pt\Pi\. Here, we will denote the expectation under the 
probability measure P as E[-]. Let 

Xg, Zg^ds, 

fHt = Wt+ [ ^{s,Xg^r,Yg)ds. 

Jo 

Then Bt, Bt and Wt are independent P-{Pt}ig[o,oo) -Brownian motions. The 
stochastic processes X, Z and Y are described in the following: 

dXt = dBt, 

dZt = Xt, Zt)dBt P blit, Xt, Zt)dt, 
dYt = a2{t,Yt)dWt. 

From the above equations, we can see that {^^}te[o,oo) coincides with the 
natural hltration generated by {Pi}te[o,oo)- Because dWt = a{t,Yt)~^dYt, we 
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can see that Qj = QY ^ '*^})- addition, we can 

see that ^ 

m = [ {l-N^°)X,,{s)ds 

Jo 

is P-J^t-martingale. Let 

= t>s, A; = 0,l,2 (9) 

for / G . Let S denote the set of B -adapted continuous processes F for 
which there exist /*, i = 1, 2, 3 G and = 1, • • • , d G £®’''such that 


d rt 


Ft = Fo+ / Ms)ds+ / f 2 is)dW,+ / Ms)dB, + y2 / f4is)dH- ( 10 ) 
Jo Jo Jo Jo 


( 11 ) 


For F G S, let 

{DoF)t = I3{t, Xt^r-,Yt)FtAT + ^{T>t}f2{t)-, 

{DiF)t = bo{t, Xt, Zt)FtAT + ^{T>t}f3{t)-, 

{D2F)t = J{T>t}f4{t), 

(LF), = 

For r > s > 0, let 

V{r-,F) = 

pv_!elo’'^-o(“)'^“ (Vi{r,r;F) + K^{r){-{2^{r,xo) - l)Fo E[l{r>r}prFr\Q^])^ , 

Vi{r,s;F) = 

/; u; DoF)dWu + u; D,F) + u; LF)'^ du. 

Let ^ 

l(s) = A,„(s) + l/(s; 1), Mt = Nt- [ (1 - iV,)l(s)ds 

Jo 

and ^ ^ 

W,^W,- f E[l 3 (r, Jf„„ Y,)\T,]dr. 


( 12 ) 


Then, we will show that Mt is P-Frmartingale and that VF* is a P-Ft- 
Brownian motion. Nakagawa [5] also gave A using the measure of a pinned 
Brownian motion. We can now state the following representation theorem, 
which was not given by Nakagawa [5]. 
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Theorem 1.2 Let F E T. and Ft = E[Ft/\T\J^t\- Then we have the following. 

( 1 ) 


Ft = Fo+ UT-F)dMr + 


/ h{r-F)dr+ / Mr;F)dWr 
'o Jo 


where 


Ur-F) = -l{,^r}{V{r-F) + V{r-l)Fr-)\{r)-\ 

/l(r;F) = ls^r>r}E[l{r>r}{LF)r\Fr\, 

Ur-F) = E[{DoF)r\Fr]- EUr,Xr,Yr)\Fr\Fr-. 


(2) Moreover, if there exist C > 0 and a G (0,1) such that l{|Xt|<i}l{T>t}|-^t| < 
C\XU for t > t), we have /o(r; F) = —l{r>r}Fr-. 

The author would like to express his appreciation to Prof. Kusuoka and the 
referee for their useful suggestions and comments. 


2 Evaluation of integrands 

For / G C^, t > s > 0 and A: = 0,1, 2, let 

gf >(*. s; /) = i!;|l(..>4l/,0(i - s, 

Proposition 2.1 For q > 1 and k = 0,1, 2, we have 

gf («,s; 1) < C't>(a) + Cf (<,,o)(« 


for any t > u>0 with t — u < 1. Here 


CfV) = sup \^{t,x)\<oo, 

x>a/2.,t>0 


Ct\q,o) = 2a{ I ?/|^(l,y)|«d?/)sup 


d^g 


9{u,^) 


dy^ 


< oo. 


U>0 ^ 


Proof. We have 
d^g 


/ \ <9^ / -1 -1 XN -h+id^g _i X 


(13) 


6 



Since {-B“} and {Wt} are independent, 


< 


roo Qkg 

/ { 9 {u,x-a) - g{u,x + a))\-^{t - u,x)\^dx 

, 2ax d^g 

/ g{u,x- a)(l - exp(—~ u,x)\'^dx 

roo Qkg 

I g{u,x-a)\-^{t-u,x)\‘^dx 


'a/2 

2a 


d^g 


+ — / g{u,x — a)x\-^-^{t — u^x)\‘^dx. 


u 


(14) 


For the first term, we have 


.d^g 


g{u,x — a)\-^^{t — u,x)\'^dx < C[’^\a) I g{u,x — a)dx < C'f\a). 


I a/2 


'iWi 


dx^ 


'a/2 


For the second term, we have 


2a ,9^9/ MO, 

— I g[u,x — a)x\-^-^[t — u,x)\^dx 


u 


, a,2a p ,d’^g, 
< 9{u,-)— / x| — 


2 M _ 
, a,2a 

a, 2a 


(9x*^ 

x\{t - {t - u)~h)\'‘dx 


d^g 


— kq — q+2 


= 9iu,^)-i y\^il,y)\^dy)it-u)^ 


2' u 


'dy 


< C^’"\q,a){t-u) '"2 

Then we have our assertion. i 

To represent the conditional expectation under P with respect to {Q^}&nd 
{^V}i must derive some inequalities to define stochastic integrals. Propo¬ 
sitions 2.2 and 2.3 enable us to evaluate Ha and Ua in Theorem 1.1. These 
quantities are defined in Equations (5) and (7), respectively. 

Proposition 2.2 Let p G (1, cxd) and q = 

(1) For k = 0,1,2, there are some Cj^’^\q,a) and C[^\q,a) G (0, cxd) such 
that 

SPXu; /) < (Cf (9,a) + CP(q,a){t - u)^^) Bll/.nefl" 


— kq — q+2 
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for any f E O’, t > m > 0. Note that is defined in Equation (13). 

(2) Let A: = 0,1, 2 andp > 3 ^. Then there are some Cf^{q, a) and Cq^i {q, a) E 
(0, cxd) such that 

H(!"\t,u;f)du< {q, a)t^ + {q, a)t j E[\fu\P]du^ , 

for any t > 0, f E O. 

(3) Let k = 0,1, p > 2 ^- There are some Cf'^{q,a) and C^^{q,a) E (0,cxd) 
such that 

Hi’"\t,u-, ffidu< {q, a)t^ + {q, a)t E[\ffi‘^P]du^ , 

for any t > 0, f E O^. 

(4) Let s G [0,r]. There is some Ci(T,q,a) G (0, cxd) such that 

1 . 

E[j^ \Ha{t; f)\dt] < CfiT,q,a) E[\U\P]duy , 

for any f E O, p > A. Note that H'^'^ is defined in Equation (5). 

(5) Let 0 < So < Si and f be a bounded iFso-'measurable random variable. 
Then, we have 

Jo 

Note that is defined in Equation (f). 

Proof. (1) By Proposition 2.1, Holder’s inequality and a property of convex 
function, we have 

< - u,B:mg'p’,El\u>’\g'pi 

< (cfV) + cP(q,a){t - u)=^)hi5||/„ndj 

< (cf’(«.«)+c'f’( 9 .“)(*-“) 


where 


Cf\q,a) = 2icp>(a)l Cf (,,o) = 29Cf (,,a)i 



Next, we will show assertion (2) and (3). Let m = 1,2. 

f‘frdu 

Jo 

< J‘ - u)=^y"' EllWlg'Jpdu 



— kq — q+2 


(cr^(g,an + cf (g,an(t-«) 



If m = 1 and p > or if m = 2 and p > we have p > 
{-kq-q+ 2 )m ^ Then we have 

^ (Ci^\q, ar’i + Cf (g, ar'^it - du 

< d/\q,a)^H + Ci^\q,a)^^ 


2+2m 

2+m—mk 


and 


{—kq — q + 2)m + 2| 
Then we have the following for / G 

f HP(t,u-,frdu 


{ — kq — q+2)m+2 

t 2 




dfc) 


{ — kq — q+2)m+2 


where 

d{k) 


C5Z(j^ ®) = 2 («)", a) = 


mq-\-m 

2—r- 


-Cf\q,a) . 


[—kq — q + 2)m + 2| ? 


(4) We can see that /), A: = 0,1, 2, are well dehned for / G by 

Assertion (2). Then Ha(t] f) is well dehned for p G Since p > A and 

> 0) Assertion (1) implies 


< 


< 


E[ mt-j)\dt] 




1 



9 



where 


Ci{s,q,a) 


= g/oJ / + 2Xa{t) (^C^^\a)‘it‘i + C^\q,a)‘it 2? dt 


(5) Since l{r->u} /J %{r - u, B^)dr = l{r->«}fi'(s - u, B^), we have the fol¬ 
lowing. 

pS 



Ja\\r’.W^ 


Ja\\r’.W^ 


Note that the last equation holds by Assertion (2) i 

Proposition 2.3 Let T > 0, p > 3, q = Then Ua is well defined, for 
any f G and there are Ci{q,a,T), C 2 {a,T) G (0,cxd) such that 


E[ 



0 \J0 


Ua{t,u;fYdu]dt]<Ci{q,a,T){ I E[\fXP]du)dt ] +C 2 {a,T)E[ I ffdu] 


for any f G . Note that U is given by Equation(7). 

Proof. Because 0 < — s, Bf) < 1, for any / G ,we have 




u 


< / E[f^i2^t-u,B:)-lf]du< / fldu. 
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By the above evaluation and Proposition 2.2 (2), we have 

E[J (^j Ua{t,u; ffdv^ dt] 

= E[£ e^/o /) + u; f)Ydu^ dt] 

)dt+j^ K(tr[l 

< (^(Cg(g,a)t + Cg(g,a)r2«+3)h,(t)2(£i?[|/„|P]2rf«)?^ dt 

+ 2 Te^^o^<^d)'^r f eiT f^du]. 

\0<t<T J Jo 



\Ua{t,u-, f)\du] dt] 


For a part of first term, we have 

[ +Ce]l{q,a)t-^^^^)^{ [ E[\fu\‘^P]du)p)dt 

Jo Jo 

<{[ iC^5]kQ,(^)i + cQ{q,a)t-‘^^^^)dtk{ [ (/ E[\fu\‘^P]du)dt)k 
Jo Jo Jo 

Note that U is dehned in Equation (6). Then we have the assertion where 
Ci{q,a,T) 

= 2e^ ^0 {Ckl{q,a)t + ckkQ^a)t~^‘^^^)dt^ {\a{tf E[\fu\^P]du)dt 

and 

C 2 (a,T) = ( sup . 

\0<t<T J 


3 Representation theorem 

We saw that some integrals are well dehned under the conditions in Section 
2. In this section, we prove Theorem 1.1, which is the representation theorem 
under . For x, ?/ > 0 and f > 0, let 

goit, X, y) = git, y - x) - git, y + x) = git, y-x)il- (15) 

where git, x) and $(f, x) are the density and distribution, respectively, of the 
Brownian motion Bt- These are given by Equation (2). 
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First, we will present a representation theorem for E[J^ -dBslE}^] which 
corresponds to Theorem 1.1(1). 

Lemma 3.1 Let t > u > 0 and ^ be a bounded Bu-measurable random vari¬ 
able. Then we have 

me'Z] = me't’] o.nd - BJId = 0 , 

Proof. Let ho be a bounded -measurable random variable and hi be a 
bounded a{W{s) — W{u)-.,s > u] measurable random variable.Then 

E[ihohi] 

= E[ihoE[hi\Bu]]=E[iho]E[hi] 

= E[E[i\g^]ho]E[hi] = E[E[i\g^]hohi] 


and 

E[i{Bt - Bu)hohi] = E[iho]E[{Bt - Bu)hi] = 0. 

So we have our assertion. i 

Proposition 3.2 Let < sq < Si, be a bounded Bg^-measurable random 
variable. Then, we have the following for t > 0, 


El(k.'->i)(K - K)] 


Si SQJ 

r*oo psi f:)2, 


d g 


't J so 


^{u<r}E[f,l{r->u}-^{r - u, B^)]du)dr. (16) 


Proof. Let 
(p{s,x,t) = 


{y - x)go{s, X , y)go{t, y, z)dydz, x > 0, s, t > 0. 


'0 JO 


Note that go is dehned in Equation (15). At first, let us think about the case 
t > Si. Then we have 




l{'r“>so} ^Oj Eg^,t Si). 


Then 


E[C^{T<^>t}{Bf^ — i?“J] — L'[^l{.ra>so}V^(si — so,Bf^,t — si)]. 
Note that 

/ OD poo 

/ \y - x\g{s,x - y)g{t,y - z)dzdy 

■OO J —OO 
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\y - x\g{s, X - y)dy = E[\Bs\] = 


2s 



TT 


(17) 


Since 


ds^{si - s, r) = (-^ + r)ds + r)dBl 


and 


d 1 


ds 2 (9x^ 


'0 ^0 
dg 


dx 


)g){s,x,r) 

s,x,y)go{r,y,z)dydz = - 


dgo 

dx 


(s + r, X, z)dz 


dg, 


'0 


( —(s + r,x — z) — 7 —(s + r, X + z))dz = —2g{s + r,x), x > 0, s, r > 0 , 
ox ox 


we have 


l{r“>so}(y?(si - s A r“, t - si) - (^(si - So, t - Si)) 

/■sAt'* 


= -2 


'«0 


<9q9 

/ -^{si-u,B^,t-Si)dB^, se[so,Si). 


'so 


As 2 |f = 1^, we have 


' 

= E[Cl{r<^>soMsi - s A r“, t - si)] 

A 2ii/j ( f l{-r“>ti}9'(^ ^ ['SOj'^l)- 


'so 


Since ip{s, 0, t) = 0 and (/^(s, x, t) —)■ 0, s J, 0, we have 

lim E[^l{^a^ }(p{si - s A r“, t - Si)] 0 

S^Si 

by Equation (17) and the bounded convergence theorem. Then we have 

- B^)] 


= -2 

= -2 


50 

psi 


E[ei, T^>U }g{t - u, B^)]drdu 
dg, 


'SO 

r*oo ^5i 


'50 


E[^ / ^{r-u,B:)dr]du 


d^g 

{u<r}E[^^^-r°-yu} Q^2 {T-U,Bl)]du)dT 
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for any t > si. By taking t J, Si, we also have our assertion for t = si. 
Second, let us think of the case t G (sq, Si]. 


- K)] = m(.-M)El{K - B.“.)ieill 
= - -B;.)] = - j\j‘ l(«r)BKl{r.>.)0(r - u, B,“)]((«)*. 

Let p > 4: and q = r > u >0. Then we have 

< Bl|V>.,,|{n5B|(Cf'(a) + Cf(2,a)(r-«)"¥"|i (18) 


by Proposition 2.1. We have the following by Lemma 3.1. 


0^ g 

hy^<r}E[l{r->u}C^{r - U, B^)]du)dr 


r*Si POO 


= 2 


= -2 


-dg, 


( / l{„<^}L;[l{^a>„}^—(r - u, B^)]dr)du 




dg 


r — u, B‘^)]dr)du = 0. 


Note that since > —1 and by Equation(18), we can use Fubini’s The¬ 

orem in the above equation. So we have Equation (16) for t G (so,<si]. 

When t E [0, Sq], 


BKi(x.>.>(Bi - b:j1 = bki,,.>„e|b“ - = o. 

So we see Equation (16) is valid for t > 0. i 

Proposition 3.3 LetO < Sq < Si, t > 0, and ^ be a bounded so-fn^^surable 
random variable. Then, we have 

r°° do 

-^['^l{T“>so}l{T“>t}] = ~ / E[l{r‘^yso}^-^{'>'~ ^0, B^^)]dr. 

V sq\/ t 

Proof. We assume that t > sq, then we have 

POO 

I^sq]] -^[^^{'r“>so} ( / 9o{t '^0) ) ?/)^l/)] • 

Jo 
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For a; > 0 and t > 0, we have 


OD / POO 


go{t,x,y)dy = - 


dgo ^ 

ds 


1 

2 


OO / POO 


0'‘go 

dy'’- 


s, X, y)dsj dy 
dgo 


dg, 


(s, X, y)dy ] ds = - 0)ds = - —{s, x)ds. 


dy 


dx 


Considering Eqnation (14) in Proposition 2.1, we have 




' SQWt 


da 

E[il{r->s,}-^{r - So, 5“ )]dr. 


Proposition 3.4 Let 0 < Sq < Si, ^ he a bounded J^sQ-fneasurahle random 
variable, and v : [0, cxd) H be a bounded Borel measurable funetion. Then 
we have the following. 

(1) 

(/*’ l(„<.>B[n{r.>.)0(r -'“.ADlffa) dr. 

(2) E| 51 {r.>.„}l>(T“)] = - /“ (r - So, B;J]dr. 

(4) E|{(BJ - = - f‘ i?o(s; «!(«,.t > 0, 


Proof. (1) For v = l[t,oo), Assertion (1) is valid by Proposition 3.2. Let V 
be the collection of bonnded measnrable fnnctions v which satisfy Assertion 

(1) . Then V is a vector space. In addition, if {n^jneN is an increasing 
sequence of non-negative functions in V and if hni„^.oo Vn exists and bounded 
then lim^^oo'^n G V. Let . 4 , = {A C R; 1 a G V} then {t,oo) G A for 
each f > 0. A. is yr-system by the monotone convergence Theorem and 
A! = {(t,oo);t > 0} G A is yr-system. Then we have our assertion by the 
monotone class theorem. 

(2) By the same way with Assertion (1), we see that this assertion is valid for 
any bounded Borel measurable function v : (0, cxd) —)■ R using Proposition 
3.3. This completes the proof of Assertion. 

(3) Let ho be a bounded ^]^-measurable Borel function and hi be a bounded 
a{Wt — Wsg', t > so}-measurable function. Note that Esq V and a{Wt — 
WsqA > So} are independent. By Lemma 3.1 and Proposition 3.4 (1), we 


15 



have 


EIHK - K)''ohi] = -E|fco{(SJ - -B.;)lE|fcil 

= “ (^ - u,B“)]du)drJ E[hi] 

= - l(.<r)BlAoftiBKl(..>„)0(r - u, Bl)\gZ]]du)dr'^ 


= -E[hQhi{ 



^2 

l{«<r}£^[^l(50,si](M)l{r->«}^(r - w, B^)\GZ]du])dr 




= -i?[hohi7a(r“)-'i^f(r“;a(.o,.h(-))] 


poo 

-Elh„h, / 7a(r)-'ff7(r;ei„.,..,(.))d]V;]. 

^0 


Then we have the assertion. 

(4) We note that ^l(^so,si]i')) = 0 for t < sq and 

E|«si - b;.)I7;'1 = Em(Bi - B,;)ie,ji7:'l = »■ 


Then we have 

Emi - BJ)|7''] = 0 = /' HJs- ?1,„,.,|(.))A„(s)-VM“, t < s„. 

Jo 

By Lemma 3.1, we have 

poo 

/ ](■))* = £K(B:, - B,“ )|6S'] = 0 

and then 

poo pt 

El //7(«;0(.o,«i('))*l7’''l = -/ (19) 

Jt Jo 
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By Assertion (3) and Equation (19), we see that 

Bias?. - BjjiBy] 

roo 

^0 

/*t POO 

Jo Jt 

Jo 

Jo 

+ eJ.'^“W*(l-]V,‘‘) / Bf(s;ei(..,..|(-))*. (20) 

Jo 

Note that is dehned in Equation (1). We also note that e-^o jV“) = 

1 — /q e-^O ^o.ir)dr^j^a _ ggg 

e/o'A.M*(i _ pf;) /Af 

Jo 

= "■<->* ,(.))*) <iM.“ 

Then, we have the following for t > Sq, 

ElUBt, - B%)\r;''] = - reJ'.‘^-0)*Bf(s;a,„,.,|(-))A.(i>)-VAC 

Jo 

+ A /Af (ri^l,„,.,,(.))<ir)<i(e/.'"“W*(l - Af“_)) 

Jo JO 

Finally, we have Assertion by Proposition 2.2 (4). i 

Let £o be the space of progressively measurable processes for which 
there exist Bg^- measurable bounded random variables such that 

n—\ 

Pi ~ A^fc.^fc+i](Ai ^ p 0, 
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whereto < so < si < • • • < < T. For any p > 1 and / G there exist 

fn G n = 1 , 2 , • • •, snch that 

\\m.E[l \fn{s,u) - f{s,u)\Pds] = 0 foranyT>0. 

n^oo Jq 

The following gives Theorem 1.1(1). 


Corollary 3.5 Let T > 0. Then we have 

-T 


nl noo 

E[ / f.dB.\TZ\ = - / 7a(s) 

Jo Jo 

for any f G and 


-1 


fl[o^T]{-))du] dN: 


E[ fJB,\Er] = - Ha{sJlio,T]{-))Xa{s)-^dM:, t>0 

Jo Jo 

for any f G . 

Proof. Let Si > Sq > 0 and / be a bonnded -measnrable fnnction and 
ft = fJ{so,si](t). Then we see that the first and second assertion are valid 
for / G by Proposition 3.4 (3) and (4), respectively. We can see that 
u] fl[o^T]{'))du in the hrst assertion is well defined for any / G C‘^~^ 
by Proposition 2.2 (2). As for the second assertion, let us take {^n} G Cq 
such that ^ 

lim £'[|,^„(r) — fr\] = 0 for all r > 0 . 

n^oo 

Then we have 

E[[ Us)dBg\Er] = - [ Ha{s,^nl[ 0 ,T]{-))Xa{s)-^dM:, t>0, 


>0 


>0 


by Proposition 3.4 (4). Since a{Wt; t > 0} and cr{W; t > 0} are independent, 
we have 

S |[ - HJ,r,m\Js)-'dN;] 

Jo 

= E[[ E[\{Ha{s;U) - Ha{s;fmXa{s)-^dNf] 

Jo 

fT _ _ 

= / i?[|(iLa(s; —/)|]e“-^o —)■ 0, as n —)■ cxd, for all T > 0 


by Proposition 2.2 (4) . So J* IIa(s, fl[o,T](-))Xa(s)~^dMs is well dehned, and 
we have the assertion. i 

Second, we will state a representation theorem for E[j^ ■ds\E'f^]., which 
corresponds to Theorem 1.1(2). 
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Proposition 3.6 Let s > 0 and f be a bounded -progressively measurable 
process. Then, we have the following. 



Proof. 

(1) Let s > 0, /lo be a bounded -measurable Borel function, hi be a 
bounded a{Wt — Wg] t > s}-measurable function and v : [0, cxd) —)■ R be a 
bounded Borel measurable function. Then we have 

E[fsV{T'^)hohi] = E[fgl{r-<s}v{T'")hohi] + E[hi]E[fsl{r->s}V{T‘^)ho] 

and 

E[fgl^r-<s}V{T‘^)hohi\ = E[hi]E[fgl^r-<s}V{T'")ho\ 

= E[hi]E[E[fg\Er]l{r<^<s}viT‘^)ho] = E[E[fg\E^]l{,a^g}v{T^)hohi]. 

Since a{Wt]t > 0} and ^{Npt > 0} are independent, we have the following 
by Proposition 3.4 (2), 

/■“ do 

= E[hi] J v{r)E[l{r->s}fs-^{r - s,Bf)ho]dr 

poo 

= -E[hi] / v{r)'yair)El-fairy^H^^^\r, s; f)ho\dr 

J S 

yryaiyEY^airY^H^aK^^ -s; f)hohi]dr 

= -E[E[v{rya{r)~^{r, S-, f)hiihi]\r=r-l{r->s}\ 

/ oo 

la{r)-^HP{T, s; J)dN;)v{T‘)hah,]. 

So we have 

/ OO 

Thus we have Assertion. 

(2) Note that 

^(2$(f- s,a:) - 1) 

^ “ L 
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and that 


2^{t — s,x) — 1 = — / —(2<l>(r — s, x) — l)dr = — — s, x)dr. 


Here we note that 


lim <l>(t — s, x) = -, X > 0 

t^OO 2 


lim $(t — s, x) = 1, a: > 0. 
i4,s 


Lt = l- exp( / Aa(s)(is)(l - A^“). 


Then we have 


dLt = exp( / Xa{s)ds){dN^ — Aa(t)(l — N^)dt) = exp( / Xa{s)ds)dM° 


We note that 


dN^ = exp(— / Xa{s)ds)dLt + Aa(t)(l — N^)dt 


7 a(t) ^dN^ = Xa{t) ^dLt + exp{J Xa{s)ds){l - N^)dt 
= Xa{t)~^dLt — Lfdt + exp{ [ Xa{s)ds)dt. 


Then we have 


t/.(i,s,/) = -B[v>,}/.(24(i-s,s:)-l)|efl 

= -E[J°° - S, Bt)\ef]dr 

/ oo 

ifW(r,s;/)dr. 


It is obvious that 


Hi'>(r,s-jyUr)-UN; 


^^7(r,s;/)A„(r)-‘</L,- / f)L,dr+ / f)e!o 
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Here we note that the third term at the last equation is J^s-measurable. And 
the second term of the above can be described in the following. 

/ CXD 

Hi^\r,s;f)Lrdr 

/OD pr 

dLu + Ls)dr 


oo / poo 


(r, s; f)dr ) - / H'd) (r, s; f)L,dr 


= j Ua{r,S] f)dLr + LsUa{s+,S] f). 

Here we note that the second term at the last equation is J^^-measurable. 
Then we have 

E[fs\^Z] 


= ( ]!{,.<,} - UUa{s+, S- f) 




- {Hi^\r,s;f)\a{r) ^ + Ua{r, s;f)) dLr. 

J S 

The first three terms are -measurable and the summation should be equal 
to E[fs\J^^]. The last term is equal to 


exp 


^ \aiu)duj {Hi^\r,s;f) + \air)Uair,s-J))\air)-^\dM: 

/ OO 

Uair,s-J)Xair)-^dM^. 

Then we have our assertion. 

The following gives Theorem 1.1(2). 

Proposition 3.7 Let T,t > 0 and f G . Then, we have 


E{ I f,da\r«'] = / E[f,\F^‘]ds 


Wl 


= I E[fAio,T]is)\Ef]ds 


Ua{s,r; /l[o,r])ds Aa(s 




dM^ 


Proof. Remember that Ua{t,s]f) = i?[l{T-a>s}/s(2$(f — s,Bf) — 1)|^]^]. 
We can see that Jq{J^ Ua{s,r; fl[Q^T])ds)Xa{s)~^dMf is well dehned for any 
/ G by Proposition 2.2 (2) . Then we have the assertion by Proposition 
2.3 and 3.6. i 

Third, we prove Theorem 1.1 (3) as follows. 
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Proposition 3.8 Let si > sq > 0, and ^ be a bounded T -measurable pro¬ 
cess. Then we have 


Ell 



Jo 

In particular, for any T > 0 and f G , 

poo 

E[ frl[o,T]{r)dWr\J^^] 


Ua{r,u-,f^so,s,]{-))dW^ Xa{r)-^\dMf. 


= I E[frllo,T]ir)\T^]dWr- 



Uair,u;fl[o,T]i-))dW^ Xair)-^ } dMl 


0 K \J0 


Proof. 
Note that 


E[ / aiso,sdr)dWAE^] = E[^\E^]{W,, - W, 


SOJ 


By Proposition 3.6, we have 




and then 

poo 

El / 0(«,..l(>')<iWv|;F«-'] 


C''a(r, So;?l[TO,oo)('))Ao(r) 


' SO 


r*Sl 


' SO 
/*oo 


' SO 


E\i\T'^']dWr - 

= / BKl(.«,..l(r)|J-y]d»'. 

Jo 

Here we note that 


{t/„(r,so;eipo,.o(-))(W"rAsi-lHso)Aa(r)-'}dM; 
oo prAs\ 



So Jo 


{Ua{r,so-,i\s,M{-))dWu)Xa{r)-^]dM^^ 


-sPt\ So, BfJ) 


»sAt°- o2 


— 


{r“>so} 


' so 


d g 

dx"^ 


{t — r,Bf)dBf, s E {so,t). 
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Then we have 

= se(so,<Asi). 

Also we have 

l{r->so}(®(^ -sAt^, - $(t - So, S“J) 




= 1 


{t“>So} 


g{t - r,B'^)dB‘^, se(so,tAsi). 

J so 

Thus we have 

'SQ)'Cl[so,iAsi) (■)) ^a(^, "S,'Cl[so,iAsi) (■)) 5 ^ ('SO)^ASi). 

Since 

^a(r,M;^l(so,si](-)) = 0, re [0,So], 

we can see that Ua{r,u] ^l(^so,si]{-))dWu)Xa{r)~^dM^ is well dehned. 

Then we have the hrst assertion. For ^ G £o) we have the following by the 
hrst assertion, 


E[ CrdWr\BZ]= EmB^]dWr- 

Jo Jo 

Let us take {(^„} G Cq such that 


Ua{r,u-,OdWu]Xa{r)-^>dMA 


lim E[ / \^n{r) — fr\dr] = 0 for all T > 0. 

n^oo Jq 

Since t > 0} and a{Nt',t > 0} are independent, we have 

pT pr ^ 

E[ 1/ {Uair,u;Cn)-UaiAU-J))dWu\Xair)-^dNf] 

Jo Jo 

= E[[ E[\ [\Ua{r,u;fA-Ua{r,u-f))dW^\]XAr)-^dNf] 


E[\ {Ua{r,u;^n-f)dWu\]qa{r)dr 


'0 


'0 


< E[ {Ua{r,u-,fn-ffduY^‘^dr 

Jo Jo 

—)■ 0, as n ^ oo, for all T > 0 

by Proposition 2.3 for / G C^~^. So we have Assertion. 
Fourth, we show Theorem 1.1(4) as follows. 
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Proposition 3.9 Let T,t > 0 and G ,j = 1, • • ■ ,d. Then we have 


Jo 


Proof. Because B, B and W are independent and C a{Bs,Ws', s G 
[0,oo)}, 



Finally, we state Nakagawa’s [5] representation theorem using a different 
expression. 

Proposition 3.10 Let f G Then we have 

Hf\t, f) = limEK r l(..>,)/.dB:)^(i - u, 

The right-hand side of the above corresponds to the representation theorem 
given by Nakagawa [5] . 


Proof. Note that 


du~^ 2 dx^ ’ dx 


)^{t -u,x) = t) 


and so 




By Ito formula, we have 


dg, 


duii l{r<^>s}fsdB:)^it-u,B:)) 


dg 


d‘^g, 


= ^{T->u}fu-^it - u, Bl)dBf + ( / l^r->s}fsdBf) — {t - u, Bl)dB\ 


dx"^ 


d^g. 


+^{T->u}fu-^{t - u.Bffjdu, u<t. 
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And then 


So we have 


ei(£ hr‘>,)f.dB:)^(t - u, B:)\g«'] 
= r - s, B:)\gl'-]ds 

= r - s, -B,“)|ef 1 * 


Jo 


u < t. 


//f(i;/) = limi;[( 


dg 




4 Equivalent probability measures 


We now state a representation theorem for a hltering model with hrst- 
passage-type stopping time. Note that /, F are dehned in Equations (9) 
and (10). Operators Dq,Di,D 2 and L are defined in Equations (11). As we 
dehned in Equation (8), let 

Pt = l+ [ Ps-{bo{s,X,,Zs)dBs + l3{s rgdWs). 

Jo+ 

Let F G S be given by Equation (10) in the Introduction. Then we have 


Ft = Fo+ {Ms)-(3{s,Xs,Ygf2{s)-bo{s,Xs,Zgfs{s))ds 


and so 


+ / f 2 {s)dWs+ / f3{s)dBs+ / Ms)dBs 


/ t ptAr 

BgArdps T / Ps—dFg T [p, 


— Bq+ ps_{DiF)sdBs + / pg_{D2F)gdBs 


'0+ 


'0+ 


+ / Ps-{DQF)gdWs F / pg-{LF)gds. 


'0+ 


'0+ 


25 



Vit,s;f) = - 1)1^;^], (21) 

V{t, s- f) = efo 5 - /) + A^^(t)V(t, s; /)), (22) 


I{t,s-J) = e^o^^oir)dr( li^)(t,u-,f)du + 2X,,{t) I^^\t,u-J)du] , 


(23) 


V{r, s; F) = p;lefo s; F) + X.,{r)V 2 {r, s;F)), s<r (24) 

where 


%{r,s-F) = V{r,u;DoF)dWu + (v{r,u; LF) + 2I^^\r,u; D^F)^ du 

for / G and F G S. Then we have the following by Theorem 1.1. 

E[ptFtAT\J^t\ = Fq (25) 


rtAr 


/(r,r;DiF) + (/ V{r,u; DoF)dWu) + { I Vir,u; LF)du) ] X,,ir)-^ } dMr 
fo K \ Jo Jo 

ptAr ^ ^ ptAr ^ _ __ ___ 

+ / E[pr-{LF)r\Fr]dr + / E[pr-{DiF)r\Fr]dWr 


= Fo - / pr-V{r,r;F)Xxoir) dMr 
Jo 

+ [ E[pr-{LF)r\Fr]dr + [ E[pr-{DiF)r\Fr]dWr. 

Jo Jo 

Here we note that 

/ r _ _ pr ^ 

V{r,u;DoF)dW^+ / V{r,u;LF)du 


= eJSKoi^)du A^\r,u;DoE)dWu+ / {A^\r,u-, DiE) + A^\r,u-, LF))du 



+ Kir){ Vir,u;DoE)dWu+ (H(r, m; LF) + 2 / A^\r,u; D,E))du 
\Jo Jo Jo 

= pr-V{r,r;F). 

We will show that V (r, v, F) = V (r; F) and that these can be written without 
using stochastic integrals by Propositions 4.1 and 4.2. 
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Proposition 4.1 Let T > 0 and F G S. Then we have 


''' do 

Vi{r, s; F) = - 7 ^(r, a;o)Fo + s;F), 0 < s < r <T 

ox 

and we can see that the right-hand side of the above equation can he defined 
even at r = s by r f s. Note that Vi is defined in Equation (12). 

Proof. Because |^(r, x) — x) = 0, we have 


2 

X,)= 

dx ’ /n dx^ 


(r - u, Xu)dBu. 


So we have 


- U,Xu)puFu) 

= Puii^ir - u, Xu)Fs + |^(r - u, X^)iD^F)^)dB^ 
ox^ ox 

+ Xu)Pu{D2F)udI3u + ^{r -u, Xu)Pu{E>oF)udWu 

+ (|^(r - u, X^fiLFfi + 0(r - u, X^)p^{D,F\)du). 

Since Qj, Bu] u < s} and a{Mu^ u < s} are independent, we have the 

following for r > s. 

E[^{r-s,Xfil{r>s}PsFs\g^] 


dx 

dx 


(r,Xo)Fo+ / I^^\r,u-DoF)dWu+ / {I^^\r,u; D^F) + fi^\r,u-LF))du 
Jo Jo 

(r, xo)Fo +Vi(r, s;F). 


Then we have our assertion. i 

Proposition 4.2 Let T > 0 and F G S. Then we have 

V 2 {r, s; F) = —(2<l>(r, Xq) — l)Fo + P(r, s; F), 0 < s < r < T 

and ^ 

hml/ 2 (B'S;^) = -(2<l>(r, xo) - l)Fo + 

In particular, V{r,r]F) = V{r]F). Note that V{r]F) and V{r,s;F) are 
defined in Equation (12) and (24), respectively. 
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Proof. Because ^{r,x) - ^0(r,x) = 0 and ^{r,x) = g{r,x), 

^{r - s,Xs) = [ g{r - u,Xu)dBu. 

Jo 

So we have 

(2<l>(r - s,X^) - l)psFs 

= (2<l>(r, xo) - l)Fo + 2 f p^_F^g{r - u, X^)dBu 

Jo 

+ [ {(2$(r— u, Xu) — l){pu-iDiF)udBu+Pu-iD 2 F)udBu+Pu-iDQF)udWu+Pu-iLF)udu)} 
Jo 

+2 [ pu-g{r - u,Xu){DiF)udu. 

Jo 

And then we have the following by Lemma 3.1, which gives the hrst assertion. 

V{r,s-F) 

= E[{2^{r,Xo)-l)Fo+ f l{r>u}{‘J^{r - u, Xu) - l)pu-{DoF)udWu 

Jo 

+ [ - u,Xu) - l)pu-(LF)u + 2g{r - u,Xu)pu-iDiF)u)du\gJ] 

Jo 

i*S PS 

= (2$(r,xo)-l)Fo+ / V{r,u;DoF)dWu+ / iV{r,u; LF) + 2I^^\r,u, DiF))du 

Jo Jo 

= {2^{r,Xo) - l)Fo + V2{r,s;F). 

Then we have 

(2<l>(r, xo) - l)Fo + lim ^{r, s; F) 

s^r 

= lim ^(r, s; F) 

= F[(2<l>(r - r A r, X^at) - l)dr-ArFrAT)|^^] 

= -E'[l{r>r}(2<h(0,Xr) - l)prFr)\gu] ~ E[l{r<r}{‘J^{r - T, 0) - l)prFr)\gJ] 

= F[l{r>r}PrFr\g^]. 


So we can see that 
V{r, r; F) 

= p;le^o^^oi-P-(V,{r,r-, F) + A,„(r)l/(r, r; F)) 

= ^ (-(2$(r, Xo) - l)Fo + } 



by the first assertion of this Proposition and Proposition 4.1. i 

We now state Proposition 4.3, Lemma 4.4 and Proposition 4.5 for Theo¬ 
rem 1.2(1). 

Proposition 4.3 Let ^ be a B-measurable proeess. Then, we have 

wee,. 




Proof. For A E PL C Bt, we have 


E[Ur,A] = E[E[U^\n],A\ = E[pTE[Ur\n],A\ 

= E[E[pT\Bt]E[Ct^,\'H],A] = E[E[p,\'H]E[^t^,\'H],A]. 


At the same time, 

E[^tAT,A] = E[pT^tAT, A] = E[E[pT\Bt\f,tAT, A] = E[ptftAT, A] = E[E[ptftAT\PL], A]. 


Lemma 4.4 

E[ptEtAT\J^ t] 


ptAr 


Fn- 


Pr-V{r;E)K,{r)-^dM, 


r'tAr 


rtAr 


E[pr-{LE)r\Er]dr + / E[pr-{DoF)r\Er]dWr. 


Proof. Since P(r, r; F) = V{r]F) by Proposition 4.2, we have our assertion 
by Equation (25). i 

Let Pi = F[pt|Fi]. 

Proposition 4.5 

+ [ Pr-E[^{r,Xr,Yr)\Er]dWr 

Jo 


Pi = 1 


pr-V{r-,l)Xa:o{r) ^dM, 


and 


Pi ^ = 1 - / Pr- 


'-1 


V{r-l) 


0 A„o(r)-f-i/(r;l) 


-dMr 


p;\E[^{r,Xr,Yr)\ErY + 


V{r;iy 


A.,(r) + P(r;l) 


l{r>r})dr- / p;fE[^{r,Xr,Yr)\Er]dWr. 
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Proof. Letting Ft = 1 in Lemma 4.4, we have the first assertion. Then we 
have 


'0 


Pt^ = 1 - / Pr-dpr + I Pr-d[p, ^r+ (Pr^ - Pr- + Pr-{pr “ Pr-)) 

= 1 


0<r<t 

t _ pt 

1 \ \ —1 


I pffV(r-l)A,,(r)-^dMr- / Xr,Yr)\Fr\dWr 

Jo Jo 

+ f‘p;lmr,Xr,YO\Tpdr+ fpp X,Jr)-'dNr 

Jo Jo A:ro(?’) + 1) 


Here we use the fact that 

^ ^ {Pr ~ Pr- J~ Pr-iPr ~ Pr-)) 


0<r<t 


E T*' = f rj-PXPJ^K(r)-'dN^ 


^-Pr 


0<r<t ri—r> Jo Axo(^) + ^(^7 1) 

Then we have the assertion. 

We give Propositions 4.6, 4.7, and 4.8 for Theorem 1.2(2). 


Proposition 4.6 


In particular, 


da 

Xa{t){2^{t, a) - 1) + a) = 0. 


V{r;F) = 

p-felo r; F) + |^(r, xo)Fo + 


Proof. Because of the well-known reflection principle of Brownian motion, we 
have qa{t) = P[r“ > t] = 1 — P[r“ < t] = 1 — ^^ 7 = e~^dx = 2<h(f, a) — 1. 
So we have 


d ,. d^, , 

g^,„(t) = 2 -(i.x) = 2 


^(t,y)dy=^(t.x). 


Since Xa(t) = —^ logga(t), we have the assertion. 


Proposition 4.7 Let Z be a random variable and r > O.Then we have 
E[Zl{r^r}\Gr]Mr>r} = 6-^0 E[Z\Fr]l{r>r}. 
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Proof. Let A G J>. Then there exists B E Qj such that A fl {r > r} = 
B P[{t > r}. Since Qj and l{T>r} are independent, we have the following. 

E[E[Zl{r>r}\Gj]^{T>r}, A] 

= E[E[Zl[^yr}\Gj]^{T>r}'^B] = E[E[Zl[.ryr}^B\Gj]^{T>r}] 

= E[E[ZlB\g^]E[l{r>r}]] = ^Z,A]P[t > r] 

= E[e-^o A] = .E[e-~^o 

Then we have Assertion. ■ 


Proposition 4.8 Let F G S. Assume that there exist C > 0 and a G (0,1) 
such that l{|x,,|<i}l{T>r}| Ai.| < CIA^I" for r > 0. Then we have Vi{r-, r; E) = 
-||(r,a;o)Fo and 

V{r-F) = 

In particular, 

l{T>r}^(^) l{T>r}Pr—"^*0 (^)"^[^{'r>r}Pr-^r I'^r] • 

Proof. Let 1 < p < q = and r > s > 0. Then we have 


E||/<‘l(r,5;F)|] < i5[|^(r-s. A-.)|l,,>.,p,|F,|] < |£(r-s, A-.)nF,r]JBK]t 

Note that Xq > 0. We have the following by Mean-Value Theorem. 

G-^o)^ _G±^od Xo{x + Xq) 


P9, 


e 2s — e 2s < 


X G (0, cxd), s G (0, r). 


Since ^ ^ > 0, we have 


^|l(A.I<i>l(x>r)l^(r-s,A-,)|»|f,|>'| 


{x-xQy 


(x+xQy 


< 


lo >/27r(r — s)^ — s 


X e. 2 s — e 2 s 

e-2i^)P(C'x“)P-=- dx 


V2 


ns 


<xoC^{r — s) ^ I x^^^Ap(^x + xo)e 2('-o)dx 


'0 

= xoC^(r —s)^2 ' s“^ / dy 


+xlC^{r — .s) ^2 \ 2 I ^d+«)Pg dy 

Jo 

—)■ 0 as s t ?"• 
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Let p' > 1, q' = For r > s > 0, we have 

B[l(|.v.l>i>l(r>.)l|f (r - s, A'.)nF,n 

< Bll,|x.|>i)l(.>.)|||(r-s,A',)r']?Bl|F,r'|? 

X , P. 2s 


_ (f+fflT 

e 2 s 


n A/27r(r — s)^ — s 
—)■ 0 as s t ?’• 


\/ 2 tts 


dx > E[\F,\P'^']7 


Then we have th(r,r;F) = -(r, Xo)Fo + s; F) = -^{r,xo)Fo. 

By Proposition 4.6, we have the first assertion. We have the second assertion 
by Proposition 4.7. i 

We can show Theorem 1.2 (1) and (2) using the following proposition. 

Proposition 4.9 Mt is P-Ft-martingale and Wt is P-Bt-Brownian motion. 
Proof. By Proposition 4.5, 

d[p~^,M]t = —p7^ -- dNt 

and then we have 


dipf^Mt) = pffdMt+Mt_d{rit+d[p-\M]t = 


Pt- Axo (^) 


Axo(f) + ^ (f; 1 ) 


dMt+Mt_dip-% 


Since pi ^Mt and p^ ^ are P-F*-mart ingale, we can see Mt is also P-F- 
martingale. We can see that Wt is P-Bt -Brownian motion by the following. 

dipf^Wt) = h-dWt + Wtdifp-^ + d[p-\W]t = F-dWt + Wtd{F% 


Now let us prove Theorem 1.2. Let Ft = FlptFtFF], then we have the 
following by Lemma 4.4 and Proposition 4.5 . 

+ [ fi{r-,F)dr + 

Jo 

= 1 + / p';-fo{.r)dMr+ [ F-f2ir)dWr 
Jo Jo 


f2{r;F)dWr 


Ft — Fo 


fo{r;F)dMr 
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where 


V{r;F) 


-Pr-, h{r]F) = E[pr-{DoF)r\Fr\, 


/o(r;F) = - 

A(r) - V{r]l) 

h{r-F) = E[p,_{LF\\Fr] 

Viv \^Viv'^ '—' 

“1“ l{r>r} h ’ ’ ' p.- + E[fi(r , X ^/\^, Yr)\Fr]E[pr-{DoF)r\Fr], 

A(r) -y(r;l) 

Ur) = -V{r-l)\{r)-\ ^(r) =-i?[/3(r, y,)| J-,]. 

Note that dMt = dMt+{l—Nt-)V{t-,l)dt and dWt = dWt+E[j3(t, Xt/\r',Yt)\Fi\dt. 
Then E[Et/\r\Xi\ = Pt^Ff. Let Ft = E[Ft^T-\Ft\ and we have the following. 


UFt 


rtAr ptAr 


— Fq+ Pr-dFr + / Fr-dpj. + [F, p 

Jo Jo 

p;l(Ur;F) + Ur)Fr-]dMr+ / pjl { Mr; F) + Mr)Mr; 


10 


>0 


+ np;-{Ur;F) + Ur)Fr-)dWr+ Y 1 - dUU - FM 

“^0 0 <r<tAT 

= Fo + M- {Uf F) + fo{r)Fr- + Ur) Ur; F)) dM 

ptAr 


+ / Pr- {Mr;F) + Mr)Mr; 


[r)Ur;F)\{r))dr 


rtAr 


+ / p;_M/2(r;F) + /2(r)F,_ dlT,. 


Here we note that 

{p;^-p;UFr-Fr-) = tp;Uo{r)Ur;F)dNr. 

0 <r<t do 

Then we have Theorem 1.2(1) as the following. 

E[FtMFt] = Fo- j^l{r>r}{v{r;F) + V{r;l)Fr.yX{r)-^dMr 

+ 1 | t ->^|£'[ 1 | T>r ^{LF)r\Fr]dr 

+ 



'oF)r\Fr] - E[l3{r,Xr,Yr)\Fr]Fr-) dW^ 


dr 
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If there exist (7 > 0 and a G (0,1) such that l{|Xt|<i}l{T>t}|-^t| < C\Xt\^ for 
f > 0, we have 

-^) l{T>r}P)— -^xq (^)-^[l{T>r}Pr-^r r] 

by Proposition 4.7 and Proposition 4.8. Then we have 

/o(r;F) = -!{.>,} (l/(r;F) + I/(r;l)F,_)A(r)-i 

_ _ + V{r; l)p;_ 

A^o(r)+ I/(r;l) 

l{T>r}.^i—5 

which gives Theorem 1.2(2). 
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